We find the minimum and the maximum value for the local energy of an arbitrary bipartite system in a pure state for any given amount of entanglement. We also identify families of states reaching these lower or upper bounds. Moreover, we numerically study the probability of randomly generating pure states close to these energetic bounds finding, in all the considered configurations, that it is extremely low except for the two-qubit case and highly degenerate cases. Then, we show that the bounds found for pure states are valid also for mixed states. These results can be important in quantum technologies to design energetically more efficient entanglement generation protocols. Finally, we point out formal analogies between the bound states we found and thermal states.
We find the minimum and the maximum value for the local energy of an arbitrary bipartite system in a pure state for any given amount of entanglement. We also identify families of states reaching these lower or upper bounds. Moreover, we numerically study the probability of randomly generating pure states close to these energetic bounds finding, in all the considered configurations, that it is extremely low except for the two-qubit case and highly degenerate cases. Then, we show that the bounds found for pure states are valid also for mixed states. These results can be important in quantum technologies to design energetically more efficient entanglement generation protocols. Finally, we point out formal analogies between the bound states we found and thermal states.
Energy and entanglement are two fundamental quantities in physics. The concept of energy has been of great importance in the development of physics [1] while entanglement is one of the most, if not the most, exotic feature of quantum mechanics [2] . Therefore, it has been extensively studied since its conception both from the theoretical and experimental point of view [3] , also in connection with non-locality [4] [5] [6] [7] and measurements [8, 9] , even non demolitive ones [10] . Entanglement plays also a fundamental role for the development of quantum technologies [11] and is considered as a resource in several contexts such as quantum teleportation [12] [13] [14] , quantum cryptography [15] [16] [17] , quantum communication [18] , quantum energy teleportation [19] and in protocols exploiting repeated measurements [20] [21] [22] [23] [24] . It is then not surprising that the quest for entanglement generation protocols has been one of the most flourishing fields in the recent physics literature [25] [26] [27] [28] [29] .
Although quantum algorithms make typically use of two-level systems (qubits) [11] , it has been shown that d-level systems (qudits) may be more powerful for information processing [30, 31] .
Indeed, the higherdimensionality allows for information-coding with increased density, leading to a simplification of the design of circuits [32] , since the number of logic gates is reduced. The realization of high-dimensional systems and their control has thus attracted much attention [33, 34] .
Understanding how energy and entanglement are connected can be crucial in order to design quantum technologies in a more efficient manner [35] . In this context, some works investigated the energetic cost of generating or extracting entanglement [36, 37] . In particular, some entanglement extraction protocols can be optimized by finding a minimum energy pure state with an assigned entanglement [37] . However, this has been done for interacting systems and the explicit solution has been found only for a specific toy model.
In this letter, we investigate for an arbitrary bipartite * nicolo.piccione@univ-fcomte.fr system the connection between local energy and entanglement in the case of discrete local Hamiltonians. In particular, for any given amount of entanglement, we look for the range of possible values for the local energy and search for quantum states that reach, respectively, the upper and the lower bounds on the local energy. Moreover, we numerically study the probability of randomly generating pure states close to these energetic bounds. This analysis can be helpful to design energetically efficient entanglement generation protocols. Since the dimensions of the bipartite system are arbitrary, our analysis naturally applies to protocols exploiting qudits. Definition of the problem.-We consider a bipartite system A-B composed of two arbitrary quantum systems A and B, with local Hamiltonian H = H A + H B , where N A and N B are the dimensions of, respectively, H A and H B , being N A ≤ N B . H A and H B can be written as:
where
The above local Hamiltonian suitably describes systems at the start and at the end of most quantum protocols, in which the possible interaction between the subsystems takes place only during the protocol.
We will first consider the case of pure states. In order to quantify the degree of entanglement of a pure state |ψ of system A-B, we use the entropy of entanglement, that is regarded as the standard entanglement measure for pure states [38, 39] and is equal to the Von Neumann entropy of one of the reduced states:
where S(ρ) = − Tr {ρ ln ρ}. Every pure state of system A-B can be rewritten according to its Schmidt decomposition as [11] :
2 where
Minimum energy and corresponding states. -For each value of entanglement, E, multiple sets of squared Schmidt coefficients such that the correct amount of entanglement is attained can be found. Therefore, let us concentrate on one of these sets, λ ≡ {λ i } N A −1 i=0 . In Appendix A, we show that no pure state with the corresponding Schmidt coefficients can have less energy than the state
On this basis we find the lower bound of energy. In fact, the energy of the above state is given by:
We want to minimize E λ g by varying the set {λ i }
i=0 . To this aim, we make use of the following bijection (which is valid up to phase factors on the kets |A i B i of Eq. (4)):
from which we get E ψ
). Moreover, after introducing
we can express the average energy in terms of the density operatorρ for a given degree of entanglement E is equivalent to find the diagonal density matrixρ g that minimizes energy when its entropy S = E is fixed. In Appendix B we show that, if E > ln d g where d g ≥ 1 is the number ofH eigenstates with lowest energy (E g−1 = · · · = E 1 = E 0 ), the density matrix we search is the thermal state:
with respect to the fictitious HamiltonianH and inverse temperature β obtained as the positive solution of the equation:
In view of Eq. (6), this density operator corresponds (up to phase factors) to a minimum energy state given by:
The corresponding energy can be easily calculated as E min = −∂ β ln Z g . In fact, Eq. (9) can be solved numerically in a straightforward way, and, in the two-qubit case, analytical expressions can be found. We observe that the state of Eq. (10) is not the unique state with minimal energy. Every other state that can be reached from it through the application of local and energy-conserving unitary operators fulfills this request. More comments on this topic can be found in Appendix B.
To conclude our analysis we consider the E ≤ ln d g case. In such a situation, the minimum energy is E 0 and a minimum energy pure state can be searched in the ground-energy eigenspace so that the problem is trivial.
It is worth stressing that our treatment is valid for every finite N A and N B , even immensely large. Therefore, on a physical ground, we conjecture that our analysis is still valid even when the dimensions of the Hilbert spaces are infinite, as for example in the paradigmatic case of two harmonic oscillators.
It is interesting to consider some limit cases of Eq. (10). Firstly, if we fix
which is a thermal state with respect to H A at temperature T = 1/(k B β), where k B is the Boltzmann constant. This result can be easily obtained without using Eq. (10) since in this limit the problem reduces to find the minimum energy state for a fixed entropy of subsystem A.
Secondly, it is worth mentioning that, when N A = N B , the reduced states of |ψ g are (ρ
Thus, the reduced states have been easily written in the entanglement Hamiltonian formalism, which has been proved to be useful to get insights about entanglement in the solid-state physics research [40] [41] [42] [43] . The state ρ A g can be easily cast into this formalism even when N A < N B .
Maximum energy and corresponding states. -The result can be straightforwardly obtained by searching for the minimum energy state when considering the HamiltoniansH A(B) = −H A(B) (for H bounded). Hence, if E > ln d e , where d e is the degeneracy of the highest eigenvalue of H, a maximum energy state is given by
FIG. 1. Distribution of 10 9 randomly generated pure states with respect to the entropy of entanglement and the local energy, in a 1000×1000 grid, where data have been interpolated. The relevant Hamiltonians have spectra: σ(HA) = {0, 2, 4} and σ(HB) = {0, 1, 6, 9} in arbitrary units. Both the entanglement and the energy are normalized with respect to their maxima.
e β (Ai+Bi+∆) and β is the positive solution of the equation
Similarly to the minimum energy case, the energy of this state can be easily calculated as E max = ∂ β ln Z e . The same considerations made for the minimum energy case about the uniqueness of the state hold good here. If E ≤ ln d e , then the maximum energy is A N A −1 + B N B −1 and a maximum energy pure state can be searched in the eigenspace of the highest possible energy.
Energy-entanglement distribution -It is worth commenting at this point about the energy distribution of the states corresponding to the same amount of entanglement. We have made several numerical simulations finding, in all the studied configurations, that the density of states in the proximity of the bounding curves is extremely low, except for the two-qubit case and highly degenerate cases. In fact, the main part of the states occupy the intermediate region, and the discrepancy between the peripheral and central densities becomes higher and higher as the dimensionality of the systems increases. We report here, as an example, the density of states corresponding to two local Hamiltonians having spectra given by σ(H A ) = {0, 2, 4} and σ(H B ) = {0, 1, 6, 9} in arbitrary units. In particular, in Fig. 1 we show the two curves defining the energy bounds for assigned entanglement and the distribution of a large number of randomly generated pure states [44] (the behavior of β and β is shown in Appendix B). It is well visible that the majority of the states lies in the central zone, while none of the generated states is very close to the bounding curves. This circumstance allows to better appreciate the relevance of our results since, in an entanglement generation process, one could choose to generate the state |ψ g having the lowest energy for the desired amount of entanglement, instead of any of all the other states (the majority) which require more energy. We finally observe that the randomly generated states numerically satisfy the known theoretical expected averages both in energy and entanglement [45] [46] [47] .
Two-qubit system. -Now we apply our general results to the very archetypical physical system for entanglement consisting of two qubits, i.e. to the case N A = N B = 2. By using the purity P (where P (ρ) = Tr ρ 2 ) of one of the reduced states instead of the entropy of entanglement E as entanglement quantifier, it is possible to obtain through straightforward calculations a closed analytical expressions both for the minimum and maximum energy states and for the energy bounds using Eqs. (10) and (13) . This is possible thanks to the fact that for a two-qubit system the von Neumann entropy and the purity can be bijectively connected. Starting
and imposing (1 − λ)/λ = exp{−β(E 1 − E 0 )} (and analogously for β ) β and β can be easily obtained as
It is easy to check that the above expressions for β and β satisfy, respectively, Eqs. (9) and (14) . Moreover, we can express the energy bounds as follows:
(16) Mixed states.-We now show that the bounds derived above are still valid even when we extend the analysis to mixed states. Contrarily to the pure state case, a standard entanglement quantifier does not exist [3] . However, it is in general required that the convexity property is satisfied [38, 39] , i.e., for any arbitrary quantifier
where p i ≥ 0 ∀i and i p i = 1. In addition, we make the standard assumption that E m applied to pure states is equal to the entropy of entanglement [39] . Every mixed state can be written as a combination of pure states, ρ = i p i |ψ i ψ i |. Thus, every mixed state has energy equal to Tr {Hρ} = i p i ψ i |H|ψ i and entanglement E m (ρ) ≤ i p i E i , where E i = E m (|ψ i ). Now, since it is possible to prove (see Appendix C) that the curve E min (E) (E max (E)) is increasing and convex (decreasing and concave), the following chain of relations hold: Analogously, it holds that Tr {Hρ} ≤ E max (E m (ρ)). It follows that, in an energy-entanglement graph, every mixed state can be found on a segment that is entirely between the minimum and maximum energy curves. In Fig. 2 an example of this situation is clearly shown.
Conclusive remarks.-In summary, we have found the minimum and maximum permitted local energy of a bipartite system in a pure state for a given quantity of entanglement. Moreover, we have also reported the explicit form of a family of minimum and maximum energy states. Then, we have numerically investigated the energy distribution of entangled pure states, finding, in all the studied configurations, that the probability of randomly generate states with a fixed entanglement close to the energetic bounds is extremely low except for the twoqubit case and highly degenerate cases. Finally, we have shown that the energy bounds found for pure states hold also for mixed states.
Our results can be important in quantum technologies because, fixed the degree of entanglement necessary for a certain application, allow to identify a class of states whose generation requires the lowest energy cost. Such an identification appears even more important also in the light of our numerical simulations, which show that the energies of the majority of the states with a fixed entanglement lie quite far from the energetic bounds. We stress that our analysis can be useful for quantum protocols employing qudits whose dimensions N A and N B are chosen at will.
Interestingly, we note that the states corresponding to the minimum and maximum energy are characterized by coefficients that can be directly linked to the Boltzmann factors of a fictitious thermal state and, as a consequence, their energy can be calculated through the derivation of their fictitious partition function. We think this is worth mentioning because entanglement and thermodynamics are believed to be conceptually connected in the context of typicality [47, 48] and they have various formal analogies when treated within resource theories such as LOCC and thermodynamic resource theory [49] . Moreover, we pointed out that the reduced density matrices of the two subsystems can be easily cast into the exponential form of the entanglement Hamiltonians formalism, whenever possible.
We conclude by observing that the minimization process we have developed in connection with the local energies for a given amount of entanglement can be easily extended to any other couple of local observables. Indeed, whatever is the local operator O = O A + O B we want to minimize (maximize) for an assigned value of entanglement, we can simply assume that H X = O X .
Appendix A: Lowest energy state for a given set of Schmidt coefficients
In this appendix, we prove the following theorem. with λ i ≤ λ j for i > j, no pure state can have less energy than the state
Moreover, if both H A and H B do not have degeneracies and λ i < λ j for i > j, the above state is the only pure state with that energy up to phase factors on the basis kets.
The idea is to prove that, being |ψ = N A −1 i=0 √ λ i |a i b i any other pure state with the same coefficients, it holds
. In order to prove our statements, we will need four lemmas. 
where p has no repeated values and at least one
Proof. In the first part of the proof we show that
Without loss of generality, we can first put the p i in decreasing order and continue to use E i to indicated the elements of the permutated set. Then, if E n < E m , with m < n we have
The possibility of iterating this procedure concludes the first part of the proof. For the second part of the proof, we consider the two sets already in the correct order (decreasing for the p i and increasing for the E i ) and we avoid the arrows to lighten the notation. We consider the following iterative procedure. If p 0 + p N −1 < A, we write and at least one p i > 0 with i ≥ M follows by considering that, in this case, at least one passage of Eq. (A6) or of Eq. (A7) with the strict inequality has to be performed.
Lemma 3. Consider an Hamiltonian of the form H
where E i ≤ E j for i < j and a set of orthonormal vectors on the same Hilbert space
Moreover, if the spectrum of the Hamiltonian is non degenerate, the equality sign is obtained if and only if we can write |a i = M −1 n=0 α i,n |E n ∀i. Proof. Let us start by considering that
which concludes the first part of the proof. The second part follows by considering that if a ket |a i exists such that it cannot be obtained as a linear combination of the first M energy eigenvectors, then at least one p n > 0 with n ≥ M exists. Then, because of lemma 2 the above inequality is strict. On the other hand, if the conditions on the kets |a i are valid the equality sign of Eq. (A10) is trivially obtained.
Let us now consider a set of D real numbers
The following lemmas (4 and 5) are valid.
Lemma 4. Given a set of real non-negative numbers λ i such that λ i ≤ λ j for i > j then
Proof. We show this by induction. Obviously, λ 0 ∆ 0 ≥ 0. Suppose that the lemma is true for M < D, that is
We have to analyze
If ∆ M is non-negative, the result is trivial. If ∆ M is negative we have
is satisfied. Otherwise, we go on and consider
In the worst case we arrive at
which is true by hypothesis. This concludes the proof.
Lemma 5. Given a set of real positive numbers λ i such that λ i < λ j for i > j, if there exists i 0 = min i {i :
Proof. Of course, λ i0 ∆ i0 > 0. Then, we can repeat the reasoning of the proof of lemma 4, keeping into account that when one inequality such as that of Eq. (A14) has to be considered, it will be a strict inequality.
Now we are ready to prove theorem 1.
Proof. Let be |ψ = N A −1 i=0 √ λ i |a i b i an arbitrary pure state with the given set of Schmidt coefficients. Let us calculate:
Because of lemma 3,
Then, because of lemma 4,
λ i ∆ i ≥ 0 and the first part of the theorem is proven.
For the second part of the theorem, because of lemma 5, the energy of the arbitrary state |ψ is equal to the energy of ψ λ if and only if ∆ i = 0 for each i. Starting from ∆ 0 , the only way to make it zero is to set |a(b) 0 = |A(B) 0 , up to phase factors, because A(B) 0 is the lowest eigenvalue. Then, the only way to set ∆ 1 = 0 is to set |a(b) 1 = |A(B) 1 , up to phase factors, because this ket has to be orthogonal to |a(b) 0 . The continuation of this reasoning leads to the conclusion of the proof. In this appendix, we prove the main result of the paper, i.e. to find one pure state of minimum energy for a fixed amount of entanglement, quantified by the entropy of entanglement E(|ψ ).
Because of the results obtained in the previous section, we know that one minimum energy pure state can be searched among pure states of the form of Eq. (A1). A bijection between these states and a specific set of diagonal density matrices exists up to phase factors on the kets |A i B i :
It also holds:
Thus, the problem of minimizing the energy of ψ λ with respect to the sets {λ i }
such that E( ψ λ ) = E is equivalent to find the diagonal density matrixρ λ that minimizes energy when its entropy S(ρ λ ) = E is fixed.
Let us suppose that the ground energy level ofH is degenerate with degeneration d g . Then, trivially, when the entanglement is lower or equal to ln d g , the minimum energy is E 0 and a minimum energy state has to be found inside the degenerate subspace of energy E 0 . In the other case, i.e. E > ln d g , we show in the following that the solution is given bỹ
and β is the non-negative solution of the equation:
Suppose that it exists a stateσ g with the same entropy ofρ g but lower energy. To each state ρ we can associate a functional formally equivalent to the free energy:
Then, it holds
but also, asρ g is the thermal state with inverse temperature β,
where S(ρ||σ) = Tr {ρ (ln ρ − ln σ)}, which is always positive for σ = ρ [50] . Therefore,σ g cannot exist.
It is straightforward to prove that Eq. (B4) always has a unique non-negative solution, because the entropy of entanglement is a continuous and strictly decreasing function (see Eq. (C4) of the following section) of β, and, moreover, the thermal state assumes the minimum and maximum values of entropy in the two limit cases β = 0 (E = ln N A ) and β → ∞ (E → ln d g ).
On the basis of Eqs. (B3) and (B1), we finally get:
as one possible minimum energy state. Note that a whole family of pure states with this amount of local energy and this entropy of entanglement can be easily constructed from Eq. (B8) by multiplying kets by single phase factors:
(B9) Because of the theorem 1, we can say that this family comprehends all the lowest energy pure states if the two local Hamiltonians H A and H B have no degeneracies (we recall that λ i = exp {−βE i /2}, therefore the condition λ i > λ j for i < j is satisfied).
If at least one of the Hamiltonians has degeneracies, other states are valid. For example, suppose that A m = A m+1 . Then, the state obtained from Eq. (B8) by swapping |A m with |A m+1 is still a lowest energy state. In general, every state that can be obtained from the state of Eq. (B8) through the application of energy preserving unitary operators of the form U A ⊗ U B is one of the lowest energy states.
The search for the maximum energy bound and the corresponding maximum energy state can be easily performed (for H bounded) analogously to the minimum energy case, by considering the HamiltoniansH A(B) = −H A(B) . The results are reported in the main text in terms of the parameter β . In general β and β are different. However, it is possible to show that β = β when the local spectra eigenvalues are symmetric with respect to a rotation (i.e. a real constant C exists such that the spectra σ H A(B) = −σ H A(B) + C). This symmetry is automatically satisfied in the case of two qubits examined in the main text.
We finally observe that, in general, the solution of Eq. (B4) can be easily computed numerically. In Fig. 3 , we plot β and β as functions of E, for the specific system (a simple 3 × 4 system) analyzed in the main text in the part energy-entanglement distribution. As explained in the main text, we need to prove that the lowest energy as a function of the entanglement, E, is monotonically increasing and convex (and analogous properties for the highest energy). In the following, H = ψ g |H|ψ g = E g and all the other expectation values refer to the state |ψ g as a function of β. Moreover, we consider β > 0 as the case β = 0 is obtained only in the extremal case E = ln N A . Then, in the following we consider ln d g < E < ln N A . First of all, we calculate
One can easily check that
Then,
since the states |ψ g are never eigenstates of H for the consider interval of E. If we derive Eq. (B4) with respect to β we thus obtain
This means that E(β) is invertible for E > ln d g . Then, we can use the theorem on the derivative of the inverse function to show that H is a monotone function of E:
We can now calculate the second derivative of H respect to E.
Concerning the maximum energy decreasing monotonicity and concavity with respect to the entanglement, they follow from the fact that the maximum energy is found as the minimum for the Hamiltonian −(H A +H B ).
We finally observe that all our analysis extends to other entanglement quantifiers with the following properties:
1. they are in a one-to-one relation with the entropy of entanglement when the domain of application is restricted to pure states; 2. they have the convexity property (see main text);
3. the minimum (maximum) energy curve is monotonically increasing (decreasing) and convex (concave).
In particular, the first property is enough to prove the main result of Eq. (B8). Concerning the extension of the analysis to the case of mixed states, all these requirements together are a weaker version of the standard assumption made in the main text [39] . This claim becomes intuitive if one thinks that all these requirements let one make the same reasoning done in the main text, with the substitution of the quantifier E with E m when applied to pure states, i.e. calculating the energy curves with respect to E(E m ). Indeed, considering as new quantifier E m a bijective function of the quantifier E is equivalent to apply a transformation along the X-axis to the energy-entanglement graphs (such as those of the main text). Therefore, the results on the mixed states obtained in the main text still apply if this transformation conserves the convexity and concavity of the two energy curves (i.e. point 3 above) and the chain of relations of the main text becomes:
